High-precisipn varlatipnal eigenvalues fpr the 1& 2s S, 1+ 2p P, and 1z 3d D states pf hthium are calculated using multiple basis sets in Hylleraas coordinates. Convergence to a few parts in 10' -10" is achieved. The nonrelativistic energies for infinite nuclear mass are -7.478060323 10(31) a.u. for the ls 2s S state, -7.410156 521 8(13) a.u. for the ls 2p P state, and -7.335 523 541 10(43) a.u. for the 1s 3d D state. The corresponding specific isotope shifts due to mass polarization are also calculated with similar accuracy. The 1s 2s S -1s 2p P and 1s 2p P -1s 3d D transition energies for Li and Li, as well as the isotope shifts, are calculated and compared with experiment. The results yield an improved ionization potential for lithium of 43487.167(4) cm '. Expectation values of powers of r; and r; and the delta functions 8(r;) and 6(r;,) are evaluated.
I. INTRODUCTION
Lithium, a three-electron atomic system, is the simplest atom with both an open and a closed shell. Lithium also serves as a prototype for other alkali-metal atoms. Among the various computational methods, the variational method in Hylleraas coordinates is particularly powerful in handling complex correlation effects between electrons. Though profound advances have been made in the variational calculation of energies for helium and heliumlike ions [1 -3] , only a few high-precision calculations for lithium are available. King and Shoup [4] calculated the 5 ground-state energy of lithium using a 352-term Hylleraas-type wave function. King also extended his calculation to the lithium isoelectronic sequences for the ground state and some excited 5 states [5] .
Due to their use of fixed nonlinear parameters, and perhaps because of problems of near linear dependence in their basis set, the ground-state energy obtained is accurate to only a few parts in 10 . A significant improvement was made recently by McKenzie and Drake [6) , who used a multiple basis set method in the construction of their variational wave function in Hylleraas coordinates. With up to 1134 terms in the basis set, the nonrelativistic eigenvalue of the ground state was improved to an accuracy of one part in 10 . This work also resolved a long-standing discrepancy with experiment. A combination of configuration interaction (CI) with a Hylleraas-type method was used by Pipin and Bishop [7] in their calculations of the energies for the 2 S, 2 P, and 3 D states of lithium. With about 1500 terms in their basis sets, they also similarly improved the nonrelativistic groundstate energy and obtained the lowest-energy bounds for the 2 P and 3 D states. Liichow and Kleindienst [8] recently calculated the lithium ground-state energy to a precision of about one part in 10, as well as some excited 5-state energies, using the variational method in Hylleraas coordinates.
Instead of optimizing the nonlinear parameters, they optimized the dimension of basis sets with the purpose of reducing the size of the basis set to a minimum without significant loss of accuracy. A less accurate method is the full core plus correlation CI calculation of Chung et al. [9] .
One of the main obstacles in lithium calculations in Hyl-leraas coordinates is the difficulty of calculating integrals with several interelectronic distances in the integrand. These integrals converge very slowly in general, that ultimately leads to calculations which are extremely time consuming.
Thus a complete optimization of the nonlinear parameters for a large basis set, which is indispensable in obtaining the lowest eigenvalues and is important in avoiding problems of near linear dependence in the basis set, is not an easy task. We have recently discovered an asymptotic expansion method to deal with these slowly convergent integrals [10] .
This method has proven to be very successful in accelerating the rate of convergence and thus it removes a major obstacle to further progress. Large-scale variational calculations in Hylleraas coordinates can now be done not only for 5 states, but also for non-S states of lithium and lithiumlike ions. The details will be presented elsewhere [10] .
The purpose of this paper is to present the results of variational calculations using multiple basis sets in Hylleraas coordinates. The structure of the basis sets is first discussed in Sec. II. The variational eigenvalues are presented in Sec. III, together with the finite mass corrections and estimates of the relativistic and QED shifts. These are then compared with experiment for both the transition frequencies and isotope shifts, and an improved value for the ionization potential of lithium is obtained. Finally, high-precision expectation values for a number of other operators are presented.
II. CONSTRUCTION OF WAVE FUNCTIONS
The basis set is constructed from the terms P(r r r)=r' r'r'r "r"r3' (2) ther significant lowering of the energy. However, this is by no means a proof that none exist, only that they were searched for and none found, In the case of the 3 D state, the inclusion of a (0,2,0) block does not change the pattern of convergence .
In generating the finite basis sets, all terms from ( 1 ) are nominally included such that denotes a vector-coupled product of spherical harmonics for the three el ectrons to form a state of total angular momentum L and n( 1 )P(2)n(3) -P( 1 )n(2)n(3)
is the spin function with the spin angular momentum 1/2, where the indices 1, 2, 3 1abel the three electrons . Our work shows that the exclusion of the second linearly independent spin function does not affect the final convergence of energy eigenvalues. In ( 1 ), the p&& 
For a given angular momentum L, the angular coupling for the three electrons is ( I, , l2, l3) = (0,0,0)z for 5 states ( I, , l2, l3) = (0,0, I )"(0,1,0)21 for P states (l 1,l2, l3) = (0,0,2)z (0,I, I)21 for D states, etc.
The inclusion of block (0, 1,0)21 in the P state basis sets, which describes the core p o1arization, is crucial in obtaining adequate convergence. For smal 1 basis sets, the gain is barely detectable. However, it becomes essential when the basis sets become large. With only block (0,0,1)" included, the energy eigenvalue apparently converge s to an incorrect value 7.410 136 34 a.u. , even if the size of the basis set becomes as large as 1500 terms . A similar situation has also been found in two-electron variational calculations [I] when the mass polarization operator is inc luded explicitly in the Hami ltonian. This illustrates that experiments with small ba-siss sets may lead to conclusions that are incorrect as basis sets become large . It also illustrates the need to search for al 1 potentially important classes of terms . In the case of the P states, the (0,0,1)"and (0,1,0)s terms differ only in their exponential scale factors . Although either set by itself becomes asymptotically complete in the limit of infinite basis sets, a finite sequence of calculations may give a false impression of convergence to an energy that is too high. Inc 1usion of just a few (0,1,0)21 terms for the P states has an immediate and dramatic effect for large basis sets . A systematic search for other possible such terms did not yield a fur-
and the convergence of the eigenvalue s studied as A is progre s sive 1 y increased. However, terms that may potentially cause near linear dependence s should be excluded. For example, if l, = l2 and n= p, then terms with j, ) j2 should be omited, as well as terms with ji = j2 when j23 ) j3i . The presence of the near linear dependences in the basis set can be detected by diagonalizing the positive definite overlap matrix to see if there is an abnormally smal 1 or negative eigenvalue .
As in previous work [1, 3, 6] , the total basis set is divided into sectors with different scale factors n, P, and 7'. These are then separately optimized for each sector. This strategy dramatically improves the accuracy for a given total number of terms in the basis set. However, instead of simply dupl icating the terms in each block and assigning independent scale factors as in the helium calculations [1,3], the first block (O, O, L)A is divided into five sectors according to correlations among the three electrons as follows: sector 1: all ji2, j23 = 0, j3i 0 sector 2:all ji2, j23=0, j3i 40 sector 3:all j&2, j234 0, j3i 0 sector 4:ji2=0, jz34 0, j3i 40 sectors:j i240, j234 0, j3i 40 This yields significantly better results than the McKenzie-Drake [6] scheme, in which the basis set was partitioned according to the inequalities jz ( j "( j, and jz "( jz,~j for the six permutations of the labels (X,p"v) = ( 1,2,3) . The present scheme has an obvious significance in terms of which correlations are contained in each sector. A complete optimization of the nonlinear parameters leads to a natural division of the basis set into these five sectors with quite different distance scales . Therefore, a complete optimization is important not only for improving the vari ational eigenvalue ss, but also for preserving the numerical stability of the wave function, especially when 0, is large.
The complete basis sets thus contain five sectors for 5 states, and six sectors for P and D states when the (0,1,0)11 or (0,1,1)21 blocks are included. Finally, the size of each sector is separately controlled by assigning to each an value according to {II,,A2, 03,04,05) = tA, A, A, A",Aj, L = 0 (II 1 +2 II3 II4 II5 A6) tII + (A 7)min (0,7);",(A,7);", II -2), L= 1 (A1 A2 A3 A4 0$ A6) = (A, A, A, A, A, (A -2,3)~;"), L= 2, where (a, b);"denotes min(a, b). The resulting truncations of the basis set in the indicated sectors have been carefully studied to verify that they do not significantly affect the eigenvalue convergence pattern.
III. RESULTS

A. Nonrelativistic eigenvalues
The nonlinear parameters are optimized by calculating analytically the derivatives
where n represents any nonlinear parameter, H is the Hamiltonian of lithium, and the normalization ('I'~'P) =1 is assumed. Newton's method is used to locate the zeros of the first derivatives. Provided the initial n, , P, , and y; are chosen close to a minimum, the procedure converges in a few iterations. Table I lists the results for the nonrelativistic energies, together with a detailed account of the convergence process as the size of the basis set is enlarged. The ratio R(fl) is defined by (8) The values of R listed in Table I are Table I. In general, a tabulation of R(A) provides a sensitive test of the quality of the calculation because imperfections in the optimization of the nonlinear parameters or numerical instabilities due to the existence of near linear dependence in the basis set cause these ratios to become erratic.
All the numerical calculations were performed on an IBM RISC/6000 350 workstation using double precision (approximately 16 decimal digits). For the 2 S state, the CPU time for a complete calculation, including the calculation of all the derivatives, is about 5 h for the 1589-term basis set.
However, as a check, the final calculations of wave functions and energies were done in quadruple precision (approximately 32 decimal digits).
The overall accuracy we have achieved for the nonrelativistic eigenvalues of lithium is a few parts in 10" for the 2 S and 3 D states and a few parts in 10' for the 2 P state. A comparison with selected previous calculations in Table II shows the significant improvement that has been achieved. For example, our 306-term calculation for the 2 P state is better than 1454-term CI-Hylleraas result of Pipin and Bishop [7] . The ground state energy obtained is about two orders of magnitude more precise than the best previous value of McKenzie and Drake [6] .As for the configuration interaction result of Jitrik and Bunge [20] , their lower value is apparently an artifact of their extrapolation [6] . On the other hand, the method used by Chung et al. [9] for obtaining the 2 P state energy cannot guarantee to yield an upper bound to the eigenvalue. Our results for 2 P and 3 D states have improved the best previous calculations of Pipin and Bishop [7] by about three orders of magnitude.
B. Finite mass corrections
In order to account for finite nuclear mass effects, we rescale the Hamiltonian according to r~(m/p, )r and include the mass polarization term explicitly in the Hamiltonian such that
E(A -1) -E(A -2) E(Q) -E(A -1) (7) in units of 2RM, where RM=(1p/M)R, and p, = mM/(m+M) is the electron reduced mass and M is the [11] Ahlenius and Larsson [12] Sims and Hagstrom [13] Ahlenius and Larsson [14] Muszynska et al. [15] Ho [16] Pipin and Woznicki [17] King and Shoup [4] Kleindienst and Beutner [18] King [5] King and Bergsbaken [19] Jitrik and Bunge [20] Chung et al. [9] McKenzie and Drake [ 
The nonrelativistic ionization energies are given by the differences between Eqs. (11) - (13) [9] and present work. QED shift from Ref. [24] . 'Reference [26] . Reference [23] . 16 [9] , relative to a common Li+(ls '5) parent ion.
However, the accuracy of their calculations is not clear since their result for the Li (ls '5) ion was in error by -1.35 cm ( -6.16~a.u. ) relative to the high-precision variational result of Pekeris [22] . This error cancels from the 1s 2s S -1s 2p P transition frequency only if it remains the same when a 2s or 2p electron is added to form neutral lithium. Ef the cancellation is no better than 95%, then the relativistic correction to the 2 S -2 P transition frequency is 2.761+ 0.279= 3.040~0.07 cm '. Since Chung et al [9] .
do not quote an uncertainty, our value of~0.07 cm ' should only be taken as a reasonable estimate. For the nonpenetrating 3 D J state, the relativistic ionization energy can be simply estimated from the one-electron Dirac energy in lithium makes Eq. (15) a better approximation than for helium. The 3 DJ fine-structure splitting is much more accurately predicted to be 0.036 07 cm ' in comparison with the observed splitting of 0.036 01 cm ' [23] . The QED corrections of order n in Table III contain two parts. One is from a recent calculation by Feldman and Fulton [24] for the radiative corrections using a Hartree-Fock approximation. The numerical values are 0.24 cm ' for the 2 S state and -0.048 cm ' for the 2 P state. However, these corrections are the radiative contributions not included in the Johnson-BIundell-Sapirstein calculations [25] . The remaining part of O(n ) included implicitly in [25] must also be taken into account. Explicitly, the full two-electron QED shift from the Araki-Sucher terms is b, E~z(nl) = n ( -", , '+ -", inn)68(12)"& n'Z4t for the 1s3d 'D2 and DJ states of helium is accurately known to be -0.027 785 9 cm ' [I].We take the difference from AE"t(3d) of 0.0047 cm ' to be an upper limit on the uncertainty in AE"&(3d) since the closed-shell ls '5 core a~O y is Euler's constant, a is the radius of a sphere about r;, =0 excluded from the integration, and a summation over i~j from 1 to 3 is assumed. The terms evaluated by Feldman and Fulton [24] are [9] . Reference [24] . ' 8(12) "& ], (19) where DFF denotes their Hartree-Fock value, gives a further shift of 0.008 45 cm ' for the 2s state and 0.004 13 cm for the 2p state. Adding the two 2s-2p differences of -0.007 23 cm ' and -0.004 32 cm ' to their tabulated difference of -0.29 cm ' gives a final QED correction for the High-precision measurements for the 2 S -2 P transition frequency were performed recently by Sansonetti et al. [26] . The measurement for the 2 P -3 D transition frequency is from Ref. [23] . For Li, the differences between theory and experiment in Table III are -0.081(70) cm ' and 0.019 (20) cm ' for these two transitions. These discrepancies reflect the limited accuracy assigned to the u relativistic shifts from Ref. [9] . The Li-Li isotope shift in Table III does 
E. Other expectation values
Expectation values of r", and r", for various values of n, as well as expectation values of 6'(r;) and 8'(r;, ), are useful in testing the accuracy of other approximation methods such as CI or quantum Monte Carlo calculations [29, 30] . The cases of (r, ') and (r, , ') may be quite accurate because these terms appear in the Hamiltonian and are determined in part by the virial theorem, but this is not the case for other values of n. Table VI lists high-precision expectation values for n in the range -2~n~2 for r",. and in the range l an~2 for r", , as well as expectation values for 8(r;) and 8(r, ). The corresponding results when the mass polarization is included in the Hamiltonian are also listed in Table   VI . The matrix elements are defined by with similar definitions for (8(r;)) and (8(r") ). For the 2 S state, the infinite nuclear mass results in Table VI agree with the previous calculations of King [5] , Excellent agreement between theory and experiment for the Li-Li isotope shift has been achieved and an improved value for the ionization potential obtained. The main source of error in the transition frequencies arises from matrix elements of the Breit interaction. Improvements here would allow more stringent tests of the QED terms and improved accuracy for the ionization potential. Work in this direction is in progress.
With the use of an asymptotic expansion method for the evaluation of integrals, high-precision large-scale variational calculations using Hylleraas coordinates are now possible for the lithium atom and other three-electron systems with modest computing resources. Our calculations demonstrate that
